Top Careers & You®

SOLUTION OF TRIANGLES & INVERSE TRIGONOMETRIC FUNCTIONS

Relations between the sides and angles of a triangle
(i) SINE RULE:
sinA sinB sinC
- b - c
i.e. the sines of the angles are proportional to the lengths of the opposite sides.

In any A ABC,

Proof: Let AD be perpendicular from A on BC.

___AD . A
In A ABD, we have sinB =E:>AD=csmB
In A ACD, we have
sinc=22 _ AD=bsinC B b ¢
AC
~AD=bsinC=cSinB= SNB_sinC
b c
Similarly, SNA_SNB i)
a b
From (i) and (ii), we have sinA = sinB = ShG
b c
NOTE: (1) The above rule can also be written as
a, . b . ¢
sinA ' sinB' sinC
(2) The sine rule is generally used to express sides of the triangle in terms of sines of angles

and vice-versa as discussed below -

a b ¢ —k (say)
sinA  sinB sinC y

Then,a=ksinA,b=ksinB,c=ksinC

Let

OrsinA=la,sinB=l b,sinC=1c.
k k k

(i) COSINE FORMULAE

b? +c? —a?

cos A =
2bc
2 2 2
cos B = u
2ac
2 2 2
cos C = u
2ab
or

a’=b%+c?-2bc cos A
b?=c?+a’-2cacos B
c®=a’+b®-2ab cos C
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Proof: In A ACD we have
AC? = AD? + CD? = AD? + (BC — BDY’
= AC? = AD? + BC? + BD? - 2BC.BD

= AC? = BC?+ (AD?+ BD?) — 2BC. AB cos B [ cosB = ig}

— AC?=BC? + AB® - 2BC. AB cos B
= b?=a’+ c? - 2ac cos (B)

2 2 2

a+c“-b

= cosB=——-— — B
2ac

Similarly, we can prove the other two formulae.

(i) PROJECTION FORMULAE
a=bcosc+ccosB
b=ccosA+acosC
c=acosB+bcosA

Proof: In triangles ABD and ACD (above fig) we have BD = AB cos B and CD = AC cos C.

.a=BC=BD+CD=a=ABcosB+ACcosC=a=ccosB+bcosC

(iv) NAPIER'S ANALOGY OR TANGENT.FORMULA

tan =—cot—
2 b+c 2
C-A c-a B
tan = t—
2 c+a 2
A-B a-b C
tan = t—
2 a+b 2

(V) SEMI-SUM FORMULAE

r e

A
2
B s(s—b)
2
C _

B I(s a)(s c) tanB _ (s—a)(s-c)
2 ac 2 (s—b)
inC _ (— S(S C) C _ [(s-a)s-b)
sin 5 ab cos 2 tanE = W

Js(s a)(s—b)(s—-c)

SinA =

_2A
bc

Js(s —a)(s—-b)(s—c)

sinB = 2
ac

2
ac

Js(s —a)(s—-b)(s-c)

sinC = 2
ab

_2A
ab
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A= %absinC
Note: = %bcsinA
_1 H
—EacsmB
A =/s(s—a)(s—b)(s -c)

(vi) CIRCUM-CIRCLE and IN-CIRCLE of a triangle

CIRCUM-CIRCLE:

Definition: The circle which passes through the three vertices of a triangle is called circumcircle or
circumscribing circle of the triangle. Its centre is c¢alled the circumcentre and the radius is called the
circumradius & is denoted by R.

The radius of the circumcircle of a triangle ABC i.e. the circumradius(R) is given by -

R=—2__ b ___¢
2sinA 2sinB 2sinC

. bc

i) R = 3¢

() 4A

Proof: (i) In the Fig the perpendicular bisectors of the sides BC, CA and AB intersect at O.
Therefore O is the circumcentre such that OA = OB= OC = R. We have ~ BOC = 2/BAC = 2(A)
Therefore, « BOD =£COD = (a)

InAOBD, sinA= 22 _3/2_p__ 3
OB

R " 2sinA
Similarly, R=—2 - _C
2sinB  2sinC
Hence, R = a b c

2sinA _ 2sinB_ 2sinC

(i) A=tbcsinA=snA=22Rr-_2 _g-__3a _3abc
2 bc 2sinA 2(2ALbc)  4A

IN-CIRCLE:
Definition: A circle which touches all the three sides of a triangle internally is called the incircle of the triangle.
Its centre is called the incentre and the radius is called inradius & is denoted by r.
The radius of the incircle of a triangle ABC i.e. the inradius(r) is given by -
(|) r= é
s
(i)r=(s—a) tan %

B
= —b)t =
(s —b) tan 5

C
=(s—c)tan =
(s-c¢) 7
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Area of Cyclic Quadrilateral Let ABCD be a cyclic quadrilateral whose sides AB, BC, CD and DA are

respectively a, b, c and (d)

The area of quadrilateral = |/[(s —a)(s —b)(s —c)(s — d)

Note: (i) Remember cos B =

a?+b%-c?-d?
2(ab +cd)

(i) If ABCD is a cyclic quadrilateral, then AC. BD ='A(B) CD + BC. AD (Ptolemy's Theorem)

INVERSE TRIGONOMETRIC (OR CIRCULAR) FUNCTIONS

RANGE(value of y)
INVERSE FUNCTION DOMAIN L .
(Principle values of the functions)
T T
y=sin” x Ix|<1ie [-1;-1] [_E’E}
-1
=cos™ X 0,

y Ix|<1ie [-1, 1] [0.
y =tan™" x . _rr
xeR ie. (#0,0) 2 2

y =cot" x xeR ie. (~o,x) (0, m)

-1 'IT m TT
=sec X — Ul = —{—
y [x|>1ie. (-4, -1 U[1,0) {o’zju[z’" e.10. 7] {2}

= m L I
=cosec X -—,0 0,—|i.e.|—-=,=|-{0
v Folog)el 55l

|x|>1ie. (o0, —1]U[1,)

NOTE: As we have seen that none of the trigonometric function is 1 — 1 (one-one). Thus, in order to define
inverse trigonometric functions, we will have to restrict the domain of these functions so that in the restricted

domain, the functions may be 1 — 1.
Ex.6 Principal Value of sin™ % and cosec™ (- 1)

Sol. (i)

(ii)

y=sin" %

sin —land o
y 2 y 22

T .
Y =€, because sin

1 -T T
—e| ===
6 {2 2}

. Principal value of sin™ % = n/6

o3
N3

y=cosec” (-1) ..cosecy=—1andy e [-n/2, n/2] —{O}.

Now, cosec L P —Cos ecE =-1
2 2

~. Principal value of cosec™ (- 1) = — n/2.
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IMPORTANT RESULTS

sin”'x+cos” x=n/2,|x]|<1
tan”' x +cot ' x=m/2,x e R

sec ' x + cosec” x=n/2,|x|>1
sin” (=x) =—sin"' x, x| <1

cos ' (-x)=m—cos'x, | x| <1
tan” (-x)=—tan"'x,x e R
cosec™' (—x) =—cosec™' X, [x | > 1
sec (-x)=m—sec'x, | x| =1
cot' (-x)=-cot' x,x e R

cos

X | =

j=sec1x,|x|21

sec

X | =

1
! ] =cos ' x,0,|x|<1
sin™' (lj = cosec™'x, | x| = 1.
X
cosec™’ (lj =sin' x, 0<|x|<1
X
tan ™’ [lj =cot”' x,x>0
X
cot ™' (lj =tan"'x, x>0
X
sin (cos™ x) = cos (sin”' x) = V1-x2 |, | x[<'1
X

sec (cosec ™' x) = cosec (sec”’ x) = -
X —

SFx] > 1

—_

tan”' x + tan”' y = tan™' (uj xy <1
1-xy
tan” x —tan”'y = tan™’ (ﬂj Xy > —1
1+ xy
1+x .
tan™ 1-x ) = 1 +tan™’ X, X <1

t*1_1_x—’t tan”" x, x> — 1
an 1+ x —Z—an X, X > —

sin”’ [ 2X2]=2tan1 X, | x| <1
1+ X

2
cos™ |1 X2 =2tan"'x, x>0
1+ X

tan™ (12X2j =2tan"' x, | x| <1
-X

2sin” x=sin" (2xV1-x% ), | x| <112
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2cos”' x=cos™ (1-2x%), x € [0, 1]
3sin' x=sin" (3x—4x%), | x| <%
3cos” x=cos” (4> —3x), a<x <1

sin” x +sin”' y = sin”' (x\/1 —y? + y\/1—x2 ) in the interval {—gg}

sin” x—sin”'y =sin” (xy1-y? —y{1=%?
cos™' x + cos™ y= cos™ (xy —4/1- y2 VI1x2 )
cos ™' x—cos'y=cos™ (xy +41- y2 V1:x2)

Ex. Prove that

(i) tan"' L itan 42T
2 3 4

(iy sin? 2 1 sin? 2 4 sin 1 10 _ T
5 13 5 2

Sol. (i) LH.S. —tan"' 1 tan'
2 3

N =
+
[SVHIEN

=tan~

{ tan ' x +tan~"y =tan~’ u}

1—xy

—_

1

W=

2
= tan(%] =tan"1= % =RHS.

(i) L.H.S. =sin™ 2 rsin 2 L gin 116
5 13 65

|4 (5)2 5 [4)2 16
=sin"'| =, 1-| —| +—,/1-|—= +sin” —
5 13) 13 5 65

._1[4 12 5 3] . 416
= 8sin —.— +Sin  —

513 13°5 65

463 . .16 . 463 y 16\
=8N —+SIN — =SIn  ——+ COS 1-
65 65

65 65
P | 63 -1 63 T a_.—l -1 T
=SIn —+C0S — =—. SN O X+CO0S X=—
65 65 2 2
Ex. Ifcos'x+costy+cos™z=mn Show that x* +y®+z* + 2xyz = 1.

Sol. Wehavecos™' x+cos™'y+cos™ z=r.

. cos [xy—V1-x241-y?] =n—cos ' z=cos'(-z)
" xy—\/1—x2w/1—y2 =-z

Ly 2P E(1-x) (1-y)
x2y2 +Z22+ 2xyz=1-— X2 — y2 + xzy2

x2+y2+22+2xyz=1.
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HEIGHTS AND DISTANCES
Sometimes, it becomes very difficult to actually measure the distances between two points or heights of

certain objects. The methods of trigopnometry help us in finding these heights and distances in a very simple

and easier manner.

Let P be the position of an object and OX be the horizontal axis.

P (OBJEGT)

o) X
o) > P (OBJECT)
(i) ANGLE OF ELEVATION (i) ANGLE OF DEPRESSION

If P is above OX, then angle XOP is called the angle of elevation of P as observed from O.
If P is below OX, the angle XOP is called the angle of depression of P as observed from O.

Ex. The horizontal distance between two towers is 30 m and the angular depression of the top of the first as
seen from the top of the second, which is 150 m high is 35°. Find the height of the first tower.

Sol. Let h m be the height of the first tower: D

In A CED, 35° [ T
% =tan35° o
CE c 35 []g150 m
or  BD-AC_ ih3s0 g h g

AB 5 5

_ 1

or 150-h =tan35° A B

30 <«— 30m —>

. h =150 — 30 tan 35°
=150 — 30 (.7002) = 128.994 m.
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